A THEOREM CONCERNING THE DIFFERENTIAL EQUATIONS SATISFIED BY NORMAL FUNCTIONS ASSOCIATED TO ALGEBRAIC CYCLES
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In this paper we shall give a general discussion of normal functions culminating in a result characterizing those normal functions arising from algebraic cycles as being solutions to a family of ordinary differential equations parametrized by the hypersurfaces of large degree passing through the given cycle or through one homologous to it. In Section 1 the theorem will be informally discussed for the case of curves on a surface where a minimum of technical machinery is necessary. Along the way we give proofs of the main classical results in the theory of normal functions and find some new information on the Hodge bundles arising from a Lefschetz pencil of curves. Then in Section 2 we turn to higher dimensions. Following a discussion of the definition and basic properties of normal functions we analyze the Hodge bundles arising from the cotangent spaces to the intermediate Jacobians in a Lefschetz pencil (c.f. (2.13c) and (2.14c)), and then shall reprove the result (c.f. (2.9) for the statement) characterizing the fundamental classes of normal functions by their Hodge type. Finally, after some general observations on Picard-Fuchs equations we formulate and prove our main result Theorem 2.2, and then conclude the paper with some observations concerning the problem of constructing algebraic cycles.
Unless otherwise specified, homology will be with Z-coefflcients and cohomology with C-coefficients. Hopefully the other notations and terminology are standard. b) To discuss how the topology of S is described by the Lefschetz pencil it is useful to take two points of view. One is intuitive as in the Borel tract [6] or in the beautiful exposition [9] , and the other is by applying Morse theory and the Leray spectral sequence as in AndreottiFrankel [1].
In either case some local analysis around the critical values is necessary, and for this the essential points are the following: In the complex t-plane mark a non-critical reference point to and draw non-intersecting paths -ya from to to t,. Then there is for each a a vanishing cycle ba E Hi(Ct.) such that as t moves along 'ya the displaced cycle b6(t) on Ct shrinks to the double point as t -t,. The locus of 6a(t) along this path then gives a cone Aa E H2(5, Ct.) with aAa = bac. If -y E Hi (Ct.) is any other cycle and we displace -y along a closed loop turning once around ta, the change in -y is measured by the Picard-Lefschetz formula 7' -7/ + (7X, b") ba.
( 
Dt iSl pi(t).
This divisor obviously varies holomorphically with t, and at points where either t = ta is a critical value or else v(t) E J(Ct) becomes a special divisor easy arguments show that Dt remains uniquely determined. In this way we have traced out an algebraic curve D = U Dt on S, which provides the essential step in the proof of (1.21) in this case.
In the situation where the equations (1.22) do not determine a unique Dt for a generic t, we will have dim IDt D = r > 0. Then by imposing r independent base point conditions at p we generically determine a unique Dt, and the argument proceeds as before.
In concluding this discussion we note that if we vary the normal function by the image of the fixed part
J(S) -H?(PI, J)
in (1.13), we may construct a family of linearly inequivalent curves parametrized by the Picard variety of S. This was the first complete proof of this existence theorem and provided the original motivation for the introduction of normal functions. e) Now, as indicated in the introduction and will be explained more fully below, the formal aspects of the above discussion carry over to higher dimensions with intermediate Jacobians replacing Jacobians. In particular, the analogue of Lefschetz's characterization (1.14) of the fundamental classes goes through (c.f. Section 2b)), but the funda-mental existence theorem (1.21) does not generalize due to the failure of the inversion theorem for intermediate Jacobians. This suggests that we re-examine the normal functions for curves on a surface having in mind the following general philosophy: In higher dimensions a particular Hodge structure will in general not arise from a geometric situation, but a non-trivial global variation of Hodge structure should come from algebraic geometry. Now we are not able to reprove the existence theorem without using Jacobi inversion, but we are able to show by suitable differentiation that, in a certain sense, knowing the normal function vz allows us to determine the equations of Z.
Our discussion of this will be facilitated by introducing some classical notation. We imagine S as being generically projected into P3 In order to simplify the following discussion we will assume that the irregularity q(S) = 0 (the general case will be taken up in Section 2 below). Then there is no fixed part to the family of Jacobians J(Ct), and according to Lefschetz 
For a given normal function v and each divisor E E kL I we consider the equation P(t, d/dt, E)v(t) = 0.
(1.36) )'s (c.f. [11] ), but it is well known that for n > 1 this result is false. In fact, assuming for simplicity of notation that H2n-1(M) = 0 (e.g., take M C P2n+1 to be a smooth hypersurface), by taking I Vt I from a sufficiently ample linear system we may assume that h2n-1'0(Vt,) ? 0.
Thinking of E as variable, those divisors for which P(t, d/dt, E) is defined and (1.36) is satisfied are exactly the divisors for which the fundamental class q, is in the image of the mapping (1.35).

Discussion of the Theorem in Higher Dimensions
Recalling that the global monodromy action of 7r I (PI -{tI, ..., tN}) on H2,-1(Vto, Q) is irreducible, it follows that (2.4) is satisfied for generic t, since otherwise the left-hand side would give an invariant subspace. Therefore the group of invertible points on a generic J(Vt) is a countable subgroup, one which will however be infinite provided that there is a primitive algebraic n-cycle Z on M with 71z ? 0 in H2n(M, Q).
In a sense the basic difficulty here is that for higher weight not all Hodge structures come from geometry, even in the broadest motivtheoretic sense. However, since a non-trivial variation of Hodge structure is in general supposed to come from geometry, and in fact since it seems that the family of determinantal varieties constructed from the differen-tial of the variation of Hodge structure obtained by looking at the linear maps of different ranks must be non-trivial, what is suggested is that we investigate further the infinitesimal properties of normal functions. b) Before taking up Picard-Fuchs equations it will be useful to analyze the Hodge bundle E -Pl. We recall (c.f. Schmid [8] ) that the general fibre is Et = H+(Vt), and those sections of E defined in a punctured disc 0 < It -t, I < c around the critical value t, and which extend are defined by the growth condition co (t) = 0(-log It -tal). The proof of this result is, at this juncture, pretty much verbatim that for the special case of curves on a surface discussed in Section le) above. Rather than belabor the details it seems more interesting to offer some observations on the theorem vis a vis the problem of constructing algebraic cycles. from a normal function v we infer that 77 is in the image of (2.23) for some divisor Eo. Now Eo must be singular (c.f. the following discussion), but by applying mixed Hodge theory [2] we may conclude that 7 ultimately comes from (n, n) classes on smooth varieties of dimension less than dim M, and then by the induction assumption 77 will be algebraic. Q.E.D. Now of course an obvious possibility would be to show that, for k sufficiently large, the rational mapping (2.25) is surjective. This could be done by counting dimensions and estimating the rank of the Jacobian matrix at a generic E. In fact the latter is not too difficult; a generic fibre is given by all E for which
P(t, d/dt, E)v(t) = r(t, E) = r(t)
is a fixed rational function. Differentiating this equation with respect to E we obtain a homogeneous equation satisfied by i(t), and the number of these may be estimated. It is also possible to estimate m(k) by using the regularity theorem to estimate the degree of the rational function r(t, E) in a manner similar to (2.20). When carried out my crude count showed that the dimensions on both sides of (2.25) grow like C -C kn + (lower order terms), but the coefficient of kn appears to be larger for the right-hand side of (2.25). This is probably correct since one does not expect to get off so easily.
It is also quite instructive to think about the divisors Eo for which (2.22) might be satisfied. The basic observation is 
